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Physical models can play several important roles in developing and evaluating uhrasonie techniques 
for the inspection of titanium engine components. In conventional inspection, models predicting signal-to-
noise ratios can be used in system optimization. Models synthesizing time-domain wave forms can also be 
utilized to evaluate advanced signal detection algorithms. Finally, models can playamajorroJe in probability 
of detection (POD) assessment, being used as tools to simulate (1) effects of measurement system and scan 
plan selection, flaw morphology and microstructure on the distribution of flaw responses; and (2) effects of 
measurement system microstructure on the distribution of noise. 
To support these activities a variety of models have been developed. The purpose of this paper is 
two-fold. First, we wish to technically summarize these r.10dels, emphasizing the common thread that 
interrelates one to the other. Second, we wish to illustrate their application by a few examples. 
GENERAL MODELING APPROACH 
For all cases tobe considered here, the models are based on Auld's electromechanical reciprocity 
relation [1), which states that the ultrasonic signal, c5r, reflected by an inh.>mogeneity in a medium is given 
by 
I I ( - - - -) A 2-c5r(ro) =- "!·Tz- v2 ·11 . nd r 4P SF (1) 
where a pulse-echo configuration is assumed, P is the incident electrical power in the transmission Iine 
attached to the transducer, SF is a closed surface surrounding the inhomogeneity with inward directed normal 
n, ( ~, ~) are the Velocity and Stress fieJds (for time harmonic excitation) produced by the transducer in the 
absence of the inhomogeneity (incident fields) and { V2, f2} are the values of those fields in the presence of 
the inhomogeneity (incident plus scattered fields). Time domain responses can be obtained by Standard 
inverse Fourier transform techniques, after appropriate calibration experiments have been performed to 
account for the transducer efficiency. 
Equation (l) is an exact result, and the integral can be evaluated by Straightforward techniques. The 
technical challenge lies in determining the fields ( ~, ~) and ( Vz, f2). The former pair are predicted by 
beam models. As illustrated in Fig. I, these must include the effect of passage through the part surface on the 
transducer radiation. For the case of a billet, this is a cylindrical surface which will have a tendency to 
defocus the beam [2]. Beam models which have recently been used in the analysis oftitanium inspection 
problems include the Gauss-Hermite model [3,4], which is very robust but employs a paraxial approximation, 
and more sophisticated techniques basedonsuch approaches as high-frequency, assymptotic solutions to the 
elasto-dynamic boundary integral equations [5). 
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Fig. 1. Schematic of billet inspection and the incident fields, ( ~, ~), as influenced by the cylindrical 
geometry. 
The second set of fields ( V2 , f'2 ) represents the sum of the incident fields, as described above and 
the scattered fields. Given the description of a flaw, it is possible to determine the latter by well-established, 
rigorous but time consuming procedures, examples of which include finite element, finite difference, and 
boundary element approaches. However, much current work has been directed towards the development of 
physical approximations, which will produce numerical results on the personal computers and modest work 
stations commonly available in industry in a time consistent with routine engineering use. A major objective 
of the rest of this section is to clarify the interrelationship of these approximations. 
Figure 2 summarizes, three of the approximate scattering models that are finding important 
application in the development of engine inspections. The quasi-plane wave approximation [6] considers the 
case in which the inhomogeneity is small with respect to the incident beam so that the beam can be 
approximated by a plane wave over the region occupied by the inhomogeneity. Undersuch conditions, 
certain integrals involved in Equation (I) can be evaluated analytically, and the scattering can be described by 
a parameter known as the scattering amplitude, A, whose definition is schematically illustrated in the upper 
right corner ofFig. 2 and which enters as a multiplication factor in a simple expression for Of' [6]. 
Consequently, Of'{ (J)) is obtained by a multiplication of fa~tors. This approach can be applied to a variety of 
small defects for which the scattering amplitude is known, with simple examples being pores, cracks and 
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Fig. 2. Approximations used in modeling titanium inspection. 
As the flaw becomes spatially extended with respect to the beam diameter, the quasi-plane wave 
approximation is no Ionger valid. However, when specular reflections dominate the pulse-echo response, the 
elastodynamic Kirchhoff approximation becomes applicable [7). Here, one estimates the values of ( V2, T2) 
that appear on Equation ( 1) in terms of the values that would have occurred had each point on the surface of 
the inhomogeneity responded as if it was on a plane, tangent to the real surface, and illuminated by a plane 
wave, whose amplitude and angle of incidence are defined by the local value of the incident beam fields. 
Thus the fields ( v2, f2) are approximated by the sum of incident fields and scattered fields, with the latter 
expressed as a product of the incident fields and angularly dependent plane wave reflection coefficients. 
Dr( (I)) is then determined by evaluating the !wo-dimensional integral in Equation (I). This approach is 
particularly applicable to spatially extended flaws, ideally I arge with respect to the wavelength, whose 
responses are dominated by specularly reflected signals. Pores, crack and inclusions can be treated in this 
way. In the latter case, some further steps are required to recover the back surface as weil as the front surface 
signal. 
To calculate the backscattering from weakly scattering inhomogeneities, such as grain structure 
(backscattered noise) or uncracked regions of "hard alpha" inclusions (regions in which the local wave speeds 
have been slightly elevated by the presence of nitrogen or oxygen [8,9], a useful approach is based on the 
Born Approximation. This involved two steps. First Equation (1) is rewritten as a volume integral involving 
derivatives of the same sets of fields, as shown in Equation (2). 
(2) 
where OC and Öp are the perturbations in the elastic stiffness tensor and density from their average values, 
u1,2 are displacement fields and ul,2 arederivatives of those fields [ 10, II]. Second, based on the weakness 
of the scattering, one approximates the fields ( v2, f2) by the incident fields ( ~, ~). The strength of this 
approach isthat it can treat arbitrary spatial variations, C(r) and p(r). Thus it can predict the 
backscattering from quite general microstructures, as influenced by the anisotropic values of the elastic 
constants and their crystallographic orientation, and from hard alpha inclusions, including the effects of 
diffusion zones. A drawback is that a three-dimension integral involved requires greater computation time 
than the !wo-dimensional integral empoyed in the Kirchhoff approximation. 
APPLICA TION TO FLA W RESPONSE MODELING 
Chiou et.al. [12-13) have applied the above approximation to predict the responses of flat-bottom 
holes (FBH's) and synthetic hard-alpha inclusions (SHA's) in the form of right circular cylinders. As will be 
discussed in a later section, those predictions are playing an important role in a new methodology to predict 
probabilities of detection (POD). 
Current work is focussed on the more challenging problern of computing the response of naturally 
occurring hard-alpha inclusions, information that will also be used in assessments of their detectability. 
Figure 3 illustrates the approach, with the top portion showing an idealized inspection scenario and the 
bottom presenting a portion of a micrograph of a naturally occurring hard-alpha inclusion. It can be seen that 
the latter contains both extended pores (dark regions) and modified microstructure (!arge grains). The 
approach is to predict the response of these defects based on a superposition of the responses of pores and 
associated cracks (Kirchhoff model similar to that used in the FBH work) [ 12] and the embritted solid region 
in which the elastic constants have been modified by elevated nitrogen or oxygen concentrations (Born 
approximation similar tothat employed in the SHA work) [13]. A key aspect isthat these two 
approximations, appropriate to different regions of the hard-alpha inclusion, must be driven by a common 
beam model. 
In order to validate the results of such a computation, one must compare predictions and 
measurements on samples whose properlies are weil known. This implies the need for accurate determination 
of the spatial variations of pore morphology and of elastic constants and densities for naturally occurring 
"validation flaws". Figure 4 illustrates a procedure that is currently being employed to do so, making 
extensive use of modern analytical tools used by the materials science community. One of the challenges not 
yet fully resolved is in piecing Iogether the sparse data obtained with these techniques into a sufficiently 
accurate description of the flaw to drive the model predictions. 
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Fig. 3. Schematic diagram illustrating approach for modeling response of naturally, occurring hard-alpha 
inclusion. 
APPLICATION OF NOISE MODEUNO 
The Born approximation has been employed in developing a series of noise models, as summarized 
in Table I. The models are characterized in terms of (a) the formulation employed in their derivation (Surface 
Integral-Eqn. (I) or Volume Integral- Eqn. (2)), (b) whether they consider the effects ofthe profile ofthe 
illuminating beam or assume plane wave illumination, (c) the way in which the microstructure is described in 
the model and ( d) the forrn of the output. Each of the models is based on the assumption of single scattering. 
These models, and some of their applications, are discussed further below. 
Simulation of Noise Waveforms 
There are three separate objectives that are being addressed by noise modeling. The Monte Carlo approach 
allows one to simulate the noise response of particular microstructures, currently limited to the assumption of 








Fig. 4. Strategy for reconstructing naturally occurring hard-alpha pore and property changes, from 
metallography and analytic measurements. 
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Table I. Summary of Noise Models 
Model Formulation Illumination Microstructure Output 
Description 
Monte Carlo Surface Beam Equiaxed Waveform 
Grain Density 
Independent Surface Beam FOM 2nd 
Scattering Moment 
Simple Volume Plane 2-Point 2nd 
Microstructure Correlation Moment 
Backscattering 
Duplex Volume Plane 2-Point 2nd 
Microstructure Correlation Moment 
Backsattering 
Generalized Volume Beam 2-Point 2nd 
Backscattering Correlation Moment 
randomly oriented, equiaxed grains [14]. In addition tobeingable to predict time domain noise waveforms, 
as might be used in the evaluation of signal processing algorithms or in simulating various aspects of noise 
distributions, the Monte Carlo approach provides a benchmark to check other modeling approaches. In this 
model, the microstructure is specified in terms of the number of grains per unit volume. The implied size 
distribution is discussed in detail in Ref. [ 14). 
Prediction of Influence of Transducer Parameters on RMS-Noise 
The remaining models are designed to predict the second moment (rms value) of noise as a function 
of time. The independent scattering model is intended to allow one to understand how the parameters of the 
measurement system, e.g. the radiation pattern of the transducer, influence the noise Ievels. Hence the 
radiation pattern of the transducer is an important input. The microstructure is described in terms of an 
experimentally determined parameter, known as the FOM (figure-of-merit), which defines the inherent noise 
generating capability of the material [ 15, 16). After the FOM has been measured, as a function of frequency, 
the independent scattering model can be used to compare the rms noise generated in different experimental 
configurations. This model forms the foundation for the prediction of noise distributions and gated peak-to-
peak noise signals, as discussed below. 
Relationship ofrms Noise to Microstructure 
Another important issue, of particular interest to the material processing community, is the 
relationship of the FOM to the microstructure. The simple [I 0, 17] and duplex [ II) microstructure 
backscattering models have defined this relationship, for plane wave illumination, in terms of the two-point 
correlation of elastic constants, which can in turn be related to the size of grains in a randomly-oriented, 
equiaxed microstructure [17) or to the size and shape ofmacrograins (prior beta grains) and colonies in the 
duplex microstructure typical of titanium engine alloys [ II). The generalized backscattering model [ 18] 
unifies the independent scattering and microstructure approaches by including both a full description of the 
beam and the microstructure. 
Noise Distributions 
Figure 5 illustrates a typical noise waveform and three distinct distributions with respect to different 
samples of an ensemble of nominally identical microstructures which are useful in describing the noise. p( v) 
describes the distribution of signal voltage at an instant of time. It is the rms value, or 2nd moment, of 
p( v) that is predicted by the bottom four models in Table I. q( A) describes the distribution of envelope 
amplitudes at an instant of time, and P( VPP) describes the distribution of peak-to-peak voltage within a time 
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Fig. 5. Application of the theory of random walks to predict gated, peak-to-peak noise distributions. 
Top: A typical noise waveform 
Middle: Definition of three random variables (V' A, vpp) used to describe the noise 
Bottom: Typical forms of the probability distributions 
window, the so-called gated peak-to-peak noise. lt is the first two that are most often considered by a 
researcher in the laboratory, but the latter that is recorded in automated systems in the field. It is important to 
establish their interrelationships so that the results of Iabaratory measurements can be used to understand field 
experience and guide inspection system performance, analysis and design. 
A basis for doing so has been provided by the theory of random walks. One can think of the noise as 
a Superposition, with random phase, of individual signals governed by a distribution of amplitudes, p( a), 
which may be thought of as the strength of signals reflected from individual microstructural features. In the 
analogy, the phase corresponds to the direction of the walker' s next step and the amplitude corresponds to the 
length ofthat step. Fortunately, there is an extensive body of mathematics that has been developed to treat 
these problems, which includes a set of integral relationships connecting p(a), p( v) and q(A) [19]. A 
particularly attractive distribution to describe p( a) is the K-distribution, since it allows each of these integral 
relationships tobe analytically evaluated. Such analysis shows that, when there are a !arge number of grains 
in the measurement volume, p( v) is described by a Gaussian and q(A) by a Rayleigh distribution. 
However, when there are fewer scatterers in the measurement volume, as would occur when there are !arge 
grains or a small measurement volume due to a sharply focussed probe, the more general form of the K-
distribution is required [14,20]. 
Predicting gated peak-to-peak distributions is more complex. However, Margetan et. al. have 
proposed that it can be modeled as the process of taking the maximum of N independent samples of the 
distribution q( A), where N is on the order of the ratio of gate width to pulse length [20,21]. Figure 6 
presents a result of an experimental validation of this idea. For this case, it can be seen that when p( v) is 
assumed to governed by a Gaussian distribution, the fit is not good but when the appropriate K-distribution is 
used (deduced from the secend and fourth moments of p( V)), excellent agreement with experiment is 
obtained. 
Iudustrial Applications 
A number of applications of these models to problems associated with the design and evaluation of 
industrial systems to inspect rotating aircraft engine components are discussed in Ref. [22]. Included is the 
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Fig. 6. Demonstration of improved prediction of gated peak-to-peak voltage when the K-distribution, rather 
than the Gaussian distribution, is used to describe p( V). 
evaluation of the improvement of multizone billet inspection over conventional approaches, interpretation of 
the relationship of noise to the volume of the ultrasonic pulse, interpretation of the dependence of noise on the 
location and duration of the time gate, and assessment of the effects of part surface curvature on grain noise 
and signal-to-noise ratio. 
APPLICATION TO POD ASSESSMENT 
Physical models of the inspection process are playing a central roJe in a new methodology, based on 
determining distributions of signaland noise, to predict the POD of hard-alpha inclusions [23,24]. The flaw-
response models are being used to predict the noise-free absolute response of flaws and how that response is 
broadened by various experimental factors such as beam width, scan index, etc. Experiment then provides 
information on the additional broadening of the signal distribution due to microstructure. The gated peak-to-
peak noise models are also strongly influencing the form of the empirical techniques used to infer the forms 
of these distributions from experimental data [25]. 
FUTURE DIRECTIONS 
An experimental phenomena that is often observed in titanium, attributed to microstructural effects, 
is the variability of signals reflected from nominally identical holes or back surfaces [26,27]. Partofthis is 
attributable to the additive effects of backscattered noise. However, since the standard deviation increases 
with hole size, there must be other factors at work [28]. This is an important practical problern since (a) it 
broadens the distribution of responses from nominally identical flaws, therefore modifying POD, and (b) it 
introduces errors in attenuation measurements which influence threshold settings. Efforts are underway to 
model this effect [ 18], but a satisfactory final result has not yet been attained [27]. It has been learned that the 
Born approximation, which has proved so satisfactory in the analysis of backscattered noise, is not 
appropriate for this problem, which is dominated by forward scattering. Developing an appropriate model 
will be the subject of future work. 
To have a complete set of modeling tools, a number of other issues remain to be addressed. Models 
are needed which predict the fourth moment of noise distributions, as weil as the second moment, for the 
purpose of defining the parameters in the K-distribution. Since current flaw signal models neglect the noise, 
rules need to be developed governing how flaw signals and noise add, which will depend on such factors as 
the temporal and spatial correlations of the noise. Models need to be developed which satisfactorily describe 
the complete effect of microstructure on signal fluctuations. Finally, it may be necessary to include the rote 
of multiple scattering in some cases. 
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